Abstract. -We present the exact solution for the end-to-end statistics of a wormlike chain including twist stiffness and fixed-end orientations. Our results are expressed in Fourier-Laplace space as infinite continued fractions, which are concisely stated and easily employed in a wide range of problems involving semiflexible polymers that oppose twist deformation. We then apply our results to the J-factor or ring-closure probability of DNA. As our results are exact (i.e. non-perturbative), we find a measurable difference between the J-factor calculated from our results and approximate, perturbative theory; the error in the approximate theory stems in part from the absence of non-trivial topoisomers that are accounted for in our exact treatment.
All organisms are composed of polymeric materials, and many of the polymer constituents are semiflexible at length scales relevant to their biological function. For example, the manipulation of DNA includes reading the basepair sequence at the Angstrom length scale where the chain appears rigid, forming loops in gene regulatory elements at tens to hundreds of nanometers where the chain appears somewhat malleable, and packaging the meter-long genome in the micron-sized nucleus where the chain appears flexible. Owing to the fact that DNA is manipulated over such a wide range of length scales, predicting the physical forces involved in DNA manipulation requires theoretical techniques that are accurate over the entire chain-length spectrum.
The molecular architecture of DNA results in a strand that opposes bending and twisting deformation. Experimental measurements of DNA elasticity rely on either active manipulation at the single-molecule level [1, 2] or deduction from experimental observables such as the probability of DNA cyclization [3] [4] [5] [6] [7] . Relating experimental results to physical properties requires theoretical models that incorporate the competition between the chain elasticity and the entropic desire to explore a multitude of conformations. The simplest model that captures these effects is the wormlike chain model [8] , which is extended to include twist elasticity [9] [10] [11] [12] [13] [14] [15] [16] .
Despite the simplicity of the wormlike chain model, very few exact analytical results exist for comparison with experiments, particularly in experimental systems such as DNA cyclization [3] [4] [5] [6] [7] or DNA binding in gene regulatory proteins [17] where the chain is subjected to twist deformation and fixed end orientations. In this paper, we present the exact analytical result for the full Green function for the wormlike chain model with twist, which gives the probability that a chain that begins at the origin with a set initial orientation will end at a fixed point in space with a set final orientation. Our results, which emerge as infinite continued fractions in Laplace space, are an extension of our exact results for the statistical behavior of the wormlike chain model without twist [18, 19] . We then apply our results to the ring-closure probability (or J-factor) and compare with existing theory [10, 16] . Future work will include a comparison with experiments and Monte Carlo simulations of the J-factor and DNA looping [20] , as in gene regulatory elements; our approach is ideal for addressing the effects of end constraint and twist, which play an integral role in DNA biophysics.
We model the polymer strand as a thread whose conformation is given by the space curve r(s), where s is an arc length parameter that runs from zero at one end of the chain to the contour length L at the other end. We attach an orthonormal triad t i (s) (i = 1, 2, 3) to the space curve r(s) to define the material orientation of the thread. The third component of the material triad is aligned with the tangent vector ( t 3 = ∂ s r), thus the other two components ( t 1 and t 2 ) are normal to r(s). The rotation of the material triad is determined by the strain vector ω(s) through the relationship ∂ s t i = ω × t i . The material orientation is equivalently defined by a rotation matrix Ω(α, β, γ) where α, β, and γ are the Euler angles [21, 22] .
As in linear elasticity theory [23] , we consider an elastic deformation energy that is quadratic in the strain away from a straight chain with constant twist, given by
where β = 1/(k B T ), l p and l t are the persistence length and torsional persistence length, respectively, and τ is the natural twist density. For example, the twist density of B-DNA is τ = 2π/(10.46 bp × 0.34 nm/bp). We consider a perfectly inextensible polymer; therefore, the arc length parameter s is defined such that |∂ s r(s)| = 1 for all s. The statistical behavior of the polymer chain is determined by summing over all possible chain conformations and awarding each a Boltzmann-weighted contribution. Formally, the chain-orientation Green function G 0 (Ω|Ω 0 ; L), which gives the probability that a chain with initial orientation Ω 0 at s = 0 will have orientation Ω at s = L, is given by
where DΩ(s) indicates a path integration over the chain material orientation Ω, and we define the Lagrangian density L = il p (ω
2 /2 in order to clearly show the isomorphism between our problem and its quantum-mechanical analogue [24] .
This development implies a governing diffusion or "Schrödinger" equation of the form
gives the bend/twist discrepancy, T = 2l p τ is the natural twist in adimensional units, and N = L/(2l p ) is the dimensionless chain length; note, all lengths are made dimensionless by 2l p . The "Schrödinger" equation is exactly solved as an eigenfunction expansion in terms of the Wigner functions D mj l (Ω) [21, 22] . written as
where
We now turn to the full Green function G( R, Ω|Ω 0 ; N ), which gives the probability that a chain that begins at the origin with fixed orientation Ω 0 will end at position R with fixed orientation Ω. The Green function is given by
where R is non-dimensionalized by 2l p , and . . .
Ω Ω0
is an average with respect to the chainorientation Green function G 0 (eq. (3)) with fixed initial orientation Ω 0 and final orientation Ω. Next, we perform a Fourier transform of eq. (4) from the end position R to the Fourier variable k = k e k , where e k (χ, ω) gives the direction of k defined by the polar and azimuthal angles χ and ω, respectively. Since the bending energy (eq. (1)) is invariant to an arbitrary rotation, we rotate the external coordinate system to align e k with the z-axis, which rotates the initial orientation to Ω 0 and the final orientation to Ω by the Euler angles α = −ω, β = −χ, and γ = 0. We now arrive at the expression for the Fourier-space Green function
which reduces our problem to that of a spinner undergoing fluctuations embedded in an imaginary dipole field of strength K along the z-axis, where K = 2l p k. Our solution for the full Green function (eq. (5)) extends our previous work on the statistical behavior of the wormlike chain model by adding twist. Specifically, we found exact results for the partition function of a wormlike chain embedded in a dipole and a quadrupole field in two and three dimensions [18] and exact results for the end-to-end distribution function of a wormlike chain in two and three dimensions with fixed end orientations [19] . In our current and previous work, we find that exact solutions for the general class of problems involving a spinner fluctuating in an external orienting field are rendered as infinite continued fractions in Laplace space.
We now briefly derive the full Green function for a wormlike chain with twist. The Taylor expansion of eq. (5) gives an infinite sum of moments of the end-to-end distribution function with fixed end orientations. The n-th term contains the average
where θ is the polar angle of the tangent vector t 3 , and s n+1 = N . The factor of n! in the second form of eq. (6) is due to the "time" ordering of the s integrals. This average is found by placing a chain-orientation Green function G 0 (eq. between the eigenvalues of the Wigner functions in successive propagators. Specifically, the l-indices of successive Green functions in the average are either equal or differ by +1 or −1.
To visualize the evaluation of averages, like eq. (6), we make use of diagrammatic techniques of Yamakawa [9] , which provide a simple method to identify the Green-function Wigner indices that survive their summations. Successive l-indices are equal or differ by ±1, thus the l-indices make a jagged line when plotted in order. Such a plot is called a stone-fence diagram [9] . The strict constraints on the allowable Wigner indices reduce the number of stone-fence diagrams for a given average.
We consider the evaluation of eq. (6) for n = 2 and draw the contributing stone-fence diagrams. This average contains 3 chain-orientation Green functions G 0 to propagate the cos θ functions, thus there are 3 sets of Wigner indices (l i , m i , j i with i = 1, 2, 3) to sum over. For fixed values of l 1 , m 1 , j 1 , the other two sets of indices are restricted to the rules outlined in the previous two paragraphs. The m-index and j-index values in all three sets of indices are equal, and we immediately reduce the index summations by setting m 1 = m 2 = m 3 = m and j 1 = j 2 = j 3 = j. The properties of the Wigner functions dictate that no l-index can be less than min(|m|, |j|). For l 1 ≥ min(|m|, |j|) + 2, the stone-fence diagrams that contribute to the n = 2 average (eq. (6)) are shown in fig. 1 . For l 1 = min(|m|, |j|) + 1, fig. 1 does not have the fourth diagram in the second line since l 3 extends below min(|m|, |j|). For l 1 = min(|m|, |j|), the third diagram in the first line, the fifth diagram in the first line, the third diagram in the second line, and the fourth diagram in the second line would not exist in fig. 1 .
The evaluation of a given average is greatly simplified by taking the Laplace transform from the variable N to the Laplace variable p. Due to the convolution structure in eq. (6), each valid set of Wigner indices in the Laplace-transformed average contributes a product of terms given by (P
For example, the third diagram in the first line of fig. 1 contributes
) −1 to the n = 2 average (eq. (6)). The diagrammatic methods outlined in the previous paragraphs provide a simple method of identifying the contributions to a given term in the full Green function (eq. (5)). The diagrams show that the averages are found by determining all of the l-index paths connecting the first l-index (l 0 ) to the final l-index (l f ). With this insight, we write the full Green function as
where the summation is for l 0 and l f from zero to infinity and m, j from − min(l 0 , l f ) to min(l 0 , l f ), and we define G mj l0l f (K, p) as the sum of all diagrams that connect l 0 to l f for fixed m and j. ,
for l 0 < l f . Evaluation of eq. (7) using these exact results provides an analytical calculation of the statistical behavior of a wormlike chain including twist. We apply these results to the calculation of the J-factor J(L), which gives the probability of closing a semiflexible polymer into a ring with equal orientations at the ends and is measurable in cyclization experiments with DNA [3] [4] [5] [6] [7] . Previous theoretical treatments of the J-factor involve finding energy-minimized conformations and then perturbatively evaluating the free energy under a harmonic approximation [10, 16] . The results of refs. [10] and [16] exhibit substantial discrepancy; it is not clear whether the culprit lies in the specific models (continuous chain [10] vs. discrete representation [16] ) or in the nature of their approximate methods.
Our current results give the following expression for the J-factor:
where L −1 indicates an inverse Laplace transform from p to N = L/(2l p ). The Laplace inversion and Fourier integral of eq. (11) are numerically performed, the former by numerical evaluation of the residues and the latter by discrete summation.
In fig. 2 , we plot the J-factor (eq. (11), solid curve) vs. the chain length N = L/(2l p ) for the wormlike chain model with η = 0 (l t = l p ) and τ = 5π/(2l p ); note that the illustrative (11)). We also show approximate theories valid for short chain length (dashed curve) and long chain length (dotted curve) (see ref. [10] ). The inset shows the difference between our exact result and the approximate theories.
value τ = 5π/(2l p ) is chosen substantially smaller than the natural twist of DNA in order to easily visualize the functional form. The J-factor approaches zero for short chain lengths due to the energetic cost of bending the chain into a ring and for long chain lengths due to the entropic cost of constraining the end points. The oscillatory behavior in fig. 2 reflects the energetic cost associated with twisting the chain into commensurate end orientations as the chain cycles through integer number of turns. The maximum J-factor occurs near N = 2 (five turns of natural twist for our value of τ ). The J-factor calculated using our results differs from the results of ref. [10] by both the error in their Gaussian approximation as well as the contribution of the non-trivial topoisomers with |∆Lk|/(η + 1) > 1.45 since these are excluded in ref. [10] . In fig. 2 , we plot approximate theories for short chains (dashed curve) and long chains (dotted curve) from ref. [10] ; the inset of fig. 2 shows the difference between our results and the approximate theories. The error in the wormlike chain J-factor is not substantial (8% difference at the point where the shortchain and long-chain approximations cross), thus the interpolation scheme provided in ref. [10] provides relatively accurate results for the J-factor. The results of ref. [16] are substantially smaller than the discrete model provided in ref. [10] , thus differing even more from our results.
We present in this paper the J-factor for a polymer chain with physical properties that best illustrate several theoretical issues. We have also calculated the J-factor for a polymer chain with the material properties of DNA (persistence length l p = 53 nm, torsional persistence length l t = 110 nm, and natural twist τ = 2π/(10.46 bp × 0.34 nm/bp)). Our website (http://nature.berkeley.edu/∼ajspakow/) contains both a plot and a downloadable file of this J-factor data.
The cyclization (spontaneous ring-closure) of short DNA fragments has been the subject of recent experimental debate. Cloutier and Widom [5, 6] reported J-factor values for short DNA three orders of magnitude larger than the predictions of the elastic-rod model (as calculated in [10, 16] ); in contrast, Vologodskii, et al.'s measurements are in agreement with the theory [7] . Because our exact results reduce to those of ref. [10] for short chain lengths (see fig. 2 and our website), we confirm the discrepancy between the elastic-rod model and the Cloutier/Widom results [5, 6] . Clearly, further experimental work is needed to clarify whether short DNA is accurately described by the elastic rod model. In any case, however, more general elasticity models [25] can also be treated using the analytic tools we have given here and previously [18, 19] .
Our results for the statistical behavior of a wormlike chain including twist and fixed end orientations go beyond existing theory [10, 16] by providing the necessary framework for predicting polymer behavior in a number of scenarios, most notably in the biological manipulation of DNA. This paper illustrates the utility by calculating the J-factor or ring-closure probability of a naturally twisted polymer chain. Future work will focus on the prediction of the free energy of binding of DNA to gene regulatory proteins such as lac repressor [17] . The advantage of our approach lies in our ability to accurately predict the chain statistical behavior over a wide range of chain lengths with the freedom of fixing the end orientations according to crystallographic coordinates. * * * I greatly appreciate helpful discussions with P. Nelson, R. Phillips, Z.-G. Wang, and P. Wiggins. I gratefully acknowledge funding from the National Institutes of Health (NIH-GM071552)
